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i-^ ■ We consider the damped wave equation auu + ut = u xx — V'{u) on the whole real 

line, where V is a bistable potential. This equation has travelling front solutions of 
the form u(x,t) = h(x — st) which describe a moving interface between two different 
steady states of the system, one of which being the global minimum of V. We show 
that, if the initial data are sufficiently close to the profile of a front for large the 
solution of the damped wave equation converges uniformly on M to a travelling front 
' as t — > +oo. The proof of this global stability result is inspired by a recent work of 

t"-- ■ E. Risler [38] and relies on the fact that our system has a Lyapunov function in any 

Galilean frame. 
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b ! 1 Introduction 



The aim of this paper is to describe the long-time behavior of a large class of solutions of 
the semilinear damped wave equation 

au tt + u t = u xx - V'(u) , (1.1) 

where a > is a parameter, V : R —>■ M. is a smooth bistable potential, and the unknown 
u = u(x,t) is a real-valued function of x G M and t > 0. Equations of this form appear 
in many different contexts, especially in physics and in biology. For instance, Eq. f 1 1.1 1) 
describes the continuum limit of an infinite chain of coupled oscillators, the propagation 
of voltage along a nonlinear transmission line [1], and the evolution of an interacting 
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population if the spatial spread of the individuals is modelled by a velocity jump process 
instead of the usual Brownian motion [181 EH EI] • 

As was already observed by several authors, the long-time asymptotics of the solutions 
of the damped wave equation fll.ip are quite similar to those of the corresponding reaction- 
diffusion equation u t = u xx — V'{u). In particular, if V'{u) vanishes rapidly enough as 
u — > 0, the solutions of ( II. ip originating from small and localized initial data converge 
as t — > +oo to the same self-similar profiles as in the parabolic case [121 E31 EH EU 135] . 
The analogy persists for solutions with nontrivial limits as x — > ±oo, in which case the 
long-time asymptotics are often described by uniformly translating solutions of the form 
u(x, t) = h(x — st), which are usually called travelling fronts. Existence of such solutions 
for hyperbolic equations of the form fll.ip was first proved by Hadeler [191 ED], and a few 
stability results were subsequently obtained by Gallay & Raugel [TU1 fTTl [131 IT3] . 

While local stability is an important theoretical issue, in the applications one is often 
interested in global convergence results which ensure that, for a large class of initial data 
with a prescribed behavior at infinity, the solutions approach travelling fronts as t — > 
+oo. For the scalar parabolic equation u t = u xx — V'(u), such results were obtained 
by Kolmogorov, Petrovski & Piskunov [25] , by Kanel [231 EE], and by Fife & McLeod 
[HI E] under various assumptions on the potential. All the proofs use in an essential 
way comparison theorems based on the maximum principle. These techniques are very 
powerful to obtain global information on the solutions, and were also successfully applied 
to monotone parabolic systems [HI UT] and to parabolic equations on infinite cylinders 



However, unlike its parabolic counterpart, the damped wave equation f ll.ip has no 
maximum principle in general. More precisely, solutions of f ll.ip taking their values in 
some interval I C 1R obey a comparison principle only if 



see [37] or [TT1 Appendix A]. In physical terms, this condition means that the relaxation 
time a is small compared to the period of the nonlinear oscillations. In particular, if / 
is a neighborhood of a local minimum u of V, inequality fll.2p implies that the linear 
oscillator au u + u t + V"{u)u = is strongly damped, so that no oscillations occur. It was 
shown in [TT| [T3] that the travelling fronts of f ll.ip with a monostable nonlinearity are 
stable against large perturbations provided that the parameter a is sufficiently small so 
that the strong damping condition ( j 1.2ft holds for the solutions under consideration. In 
other words, the basin of attraction of the hyperbolic travelling fronts becomes arbitrarily 
large as a — > 0, but if a is not assumed to be small there is no hope to use "parabolic" 
methods to obtain global stability results for the travelling fronts of the damped wave 
equation fll.ip . 

Recently, however, a different approach to the stability of travelling fronts has been 
developped by Risler [T^, EH]- The new method is purely variational and is therefore 
restricted to systems that possess a gradient structure, but its main interest lies in the 
fact that it does not rely on the maximum principle. The power of this approach is 
demonstrated in the pioneering work [3H] where global convergence results are obtained 
for the non-monotone react ion- diffusion system u t = u xx — W(u), with u G M n and 
V : W 1 — > R. The aim of the present article is to show that Risler's method can be 



[39. 40J. 
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adapted to the damped hyperbolic equation (11. ip and allows in this context to prove 
global convergence results without any smallness assumption on the parameter a. This 
will also be an opportunity to present the main arguments of [38] in an alternative way, 
although some important ingredients of our proof have no counterpart in Risler's work. 

Before stating our theorem, we need to specify the assumptions we make on the non- 
linearity in (11.11) . We suppose that V G C 3 (R), and that there exist positive constants a, 
b such that 

uV'(u) > au 2 - b , for all wGM. (1.3) 
In particular, V(u) — > +oo as \u\ — > oo. We also assume 

V(0) = , V'(0) = , V"(0) > , (1.4) 
V(l) < , V'(l) = , V"{1) > . (1.5) 

Finally we suppose that, except for V(0) and V(l), all critical values of V are positive: 

ju G R V'{u) = , V(u) < o} = {0 ; 1} . (1.6) 

In other words V is a smooth, strictly coercive function which reaches its global minimum 
at u = 1 and has in addition a local minimum at u = 0. We call V a bistable potential 
because both u = and u = 1 are stable equilibria of the one- dimensional dynamical 
system ii = —V'(u). The simplest example of such a potential is represented in Fig. 1. 
Note however that V is allowed to have positive critical values, including local minima. 




Fig. 1: The simplest example of a potential V satisfying assumptions (|1.3|) - 1|1.6[) . 

Under assumptions (ll.4p - (ll.6l) . it is well-known that the parabolic equation u t = 
u xx ~y {u) has a family of travelling fronts of the form u (x, t) = h(x — c*t — Xo) connecting 
the stable equilibria u = 1 and u = 0, see e.g. [2]. More precisely, there exists a unique 
speed c* > such that the boundary value problem 

/ h"(y) + cM(y) - V'(h(y)) = , y G R , 

\ h(-oo) = 1 , h(+oo) = , { ' 

has a solution h : R — > (0, 1), in which case the profile h itself is unique up to a translation. 
Moreover h G C 4 (R), h'(y) < for all y G R, and h(y) converges exponentially toward its 
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limits as y — > ±00. As was observed in [HI [19], for any a > the damped hyperbolic 
equation (II. lfl has a corresponding family of travelling fronts given by 



u(x,t) = h(y/i. + ac^x — c*t — x ) , x G R . (1.8) 

Remark that the actual speed of these waves is not c*, but s* = c*/ \/l + ac^. In particular 
is smaller than \j \fa (the slope of the characteristics of Eq. f ll.ip ). which means that 
the travelling fronts (11.81) are always "subsonic" . In what follows we shall refer to c* as 
the "parabolic speed" to distinguish it from the physical speed s*. 
We are now in position to state our main result: 

Theorem 1.1. Let a > and let V G C 3 (R) satisfy (f01)-(f01) above. Then there 
exist positive constants 5 and v such that, for all initial data {uq,ui) G if^R) x Ljj(R) 
satisfying 

limsup / ((u (x) - 1) 2 + m' (x) + u 1 (x) 2 ) dx < 5, (1.9) 
limsup / (uo(x) 2 + u' (x) +ui(x) 2 )dx < 5, (1-10) 

equation f ll.ip has a unique global solution (for positive times) such that u(-,0) = Uq, 
Ut(-,0) = u\. Moreover, there exists xq G K such that 



sup 



it 



(x, t) -h(y/T+ act x-cj- x ) = 0(e~ vt ) , as t -> +00 . (1.11) 



Remarks: 

1. Loosely speaking Theorem 11.11 says that, if the initial data (it , Wi) are close enough to 
the global equilibrium (1, 0) as x — >• —00 and to the local equilibrium (0, 0) as 2 — » +00, 
the solution u(x,t) of fll.ip converges uniformly in space and exponentially fast in time 
toward a member of the family of travelling fronts ( II. 81) . In particular, any solution which 
looks roughly like a travelling front at initial time will eventually approach a suitable 
translate of that front. It should be noted, however, that our result does not give any 
constructive estimate of the time needed to reach the asymptotic regime described by 
(II. lip . Depending on the shape of the potential and of the initial data, very long transients 
can occur before the solution actually converges to a travelling front. 

2. The definition of the uniformly local Lebesgue space L^(R) and the uniformly local 
Sobolev space //^(R) will be recalled at the beginning of Section [2j These spaces provide 
a very convenient framework to study infinite-energy solutions of the hyperbolic equation 
fll.ip . but their knowledge is not necessary to understand the meaning of Theorem 11.11 
In a first reading one can assume, for instance, that u' and u\ are bounded and uniformly 
continuous functions, in which case assumptions (11.91) . f ll.lOp can be replaced by 

limsup(|u (x) — 1| + |«o( :r )l + l^i^)!) — ^ 5 limsup(|u (x)| + |m' (x)| + |ui(x)|) < 5 . 

X— > — 00 x— > + oo 

Also, to simplify the presentation, we have expressed our convergence result (11.111) in the 
uniform norm, but the proof will show that the solution u(x,t) of (11.11) converges to a 
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travelling front in the uniformly local energy space H^(M) x L^(R), see (19. 5 ft below. 

3. The convergence rate v in (11.111) is related to the spectral gap of the linearization 
of (11.11) at the travelling front. As is shown in Section [HI we can take v = 0(1) in 
the parabolic limit a — * 0, whereas v = 0(1/ a) as a — > +oo. On the other hand, 
the parameter 5 in (11.91) . (ll.lOp must be chosen small enough so that the following two 
conditions are satisfied. First, the initial data (uq, U\) should lie in the local basin of 
attraction of the steady state (0, 0) for large positive x, and in the basin of (1, 0) for large 
negative x. Next, the energy integral 

j° e cx (^ Ul (x) 2 + l -u' {xf + V(«o(s))) dx , 

which is well-defined for any c > 0, should diverge to — oo as c — > 0. The second condition 
is an essential ingredient of our variational proof, but we do not know if the conclusion of 
Theorem 11.11 still holds without such an assumption. 

The proof of Theorem 11.11 relies on the fact that Eq. (II. ip has, at least formally, a 
whole family of Lyapunov functions. To see this, let u(x,t) be a solution of (ll.ip whose 
initial data satisfy (ll.9p . (11.101) . Given any c > we go to a uniformly translating frame 
by setting 

/ x ~\~ ct \ 

u(x, t) = u c (Vl + etc 2 x — ct , t) , or u c (y, t) — u[ = , t ) . (1-12) 

v V 1 + ac 2 ' 

The new function u c (y, t) is then a solution of the modified equation 

au c + u c — 2acu c = u" c + cu' c — V'{u c ) , (1-13) 

where it c (y,t) = d t u c (y,t) and u' c (y,t) = d y u c (y,t). If we now introduce the energy 
function 

E c (t) = ! e^(|(« c (y,t)) 2 + iK(y,t)) 2 + \/K(y,t)))dy, (1.14) 
a direct calculation shows that 

E' c (t) = -(1 + ac 2 ) [ e cy (u c (y,t)) 2 dy < . (1.15) 

In other words, Eq. (11.11) possess (at least formally) a continuous family of non-equivalent 
Lyapunov functions, indexed by the parabolic speed c > 0. In the parabolic case a = 0, 
it is shown in [TS] that this rich Lyapunov structure is sufficient to prove the convergence 
(II. lip if we restrict ourselves to solutions which decay sufficiently rapidly to zero as 
x — > +oo, and we believe that the approach of [15] works in the hyperbolic case too. 

However, it is important to realize that the solutions we consider in Theorem 11.11 are 
only supposed to be small for large positive x, and do not necessarily converge to zero as 
x — > +oo. Under these assumptions the integral in (I1.14p . which contains the exponen- 
tially growing factor e cy , is usually divergent at +oo, so that the Lyapunov function E c 
is certainly not well-defined. This is a technical problem which seriously complicates the 
analysis. To overcome this difficulty, a possibility is to truncate the exponential factor 
e cy in (11.141) to make it integrable over R, see [S], [HE]- We choose here another solution 
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which consists in decomposing the solution u(x,t) into a principal part v(x,t) which is 
compactly supported to the right, and a small remainder r(x,t) which decays exponen- 
tially to zero as t — ► +00. The idea is then to study the approximate Lyapunov function 
defined by (II .141) with u c (x, t) replaced by v c (x, t), see Section H] for more details. 

As was already mentioned, the proof of Theorem 11.11 closely follows the previous work 
[38] which deals with gradient reaction-diffusion systems of the form ut = u xx — W(u). 
There are, however, significant differences that we want to emphasize. First, the evolution 
defined by the damped hyperbolic equation (II .ip is not regularizing in finite time, but 
only asymptotically as t — > +00. As a consequence, the compactness arguments which 
play an essential role in the proof become slightly more delicate in the hyperbolic case. On 
the other hand, the solutions of ( 11.11) have a finite speed of propagation, a property which 
has no parabolic analog. Although this is not an essential ingredient of the proof, we shall 
take advantage of this fact here and there to get a priori estimates on the solutions of 
(II. ip . Finally, an important property of the scalar equation (II. ip is that the associated 
elliptic problem ( 11. 7ft has a unique solution (h, c*), and that the corresponding travelling 
front is a stable solution of ( II. ip . This is no longer true for the systems considered in [38] . 
in which several stable or unstable fronts with different speeds may connect the same pair 
of equilibria. In this more general situation, without additional assumptions one can only 
show that the solution u(x, t) approaches as t — > 00 the family of all travelling fronts with 
a given speed. 

Besides these natural differences due to the properties of Eq. (11.11) . we also made tech- 
nical choices in our proof which substantially differ from [3E] • As was already mentioned, 
the most important one is that we give a meaning to the Lyapunov function E c by de- 
composing the solution u(x,t), and not by truncating the exponential weight e cy . The 
main avantage of this approach is that the behavior of the energy is then easier to control. 
However, new arguments are required which have no counterpart in [38j or [15J. This is 
the case in particular of Section El which is the main technical step in our proof. 

The rest of this paper is organized as follows. In Section [2} we briefly present the 
uniformly local spaces and we study the Cauchy problem for Eq. (11.11) in this framework. 
In Section [31 we prove the persistence of the boundary conditions (ll.9p . (ll.lOp and we de- 
compose the solution of (II .ip as u(x, t) = v(x, t) +r(x, t), where v is compactly supported 
to the right and r decays exponentially as t — > +00. We also introduce the invasion point 
x(t) which tracks the position of the moving interface. The core of the proof starts in 
Section HI where we control the behavior of the energy E c in a frame moving at constant 
speed s — cj vT+ cue 2 . These estimates are used in Section [5] to prove that the average 
speed x{t)/t converges to a limit G (0, 1/yfa) as t — > +00. The main technical step is 
Section El where we show that the energy stays uniformly bounded in a frame following 
the invasion point, see Proposition 16. II for a precise statement. This allows us to prove in 
Section [7] that the solution u(x,t) converges as t — > +00 to a travelling front uniformly in 
any interval of the form (x(t) — L, +00). The proof of Theorem 11.11 is then completed in 
two steps. In Section [HI we use an energy estimate in the laboratory frame to show that 
the solution u(x,t) converges uniformly on R to a travelling front, at least for a sequence 
of times. Finally, the local stability result established in Section [9] gives the convergence 
for all times and the exponential rate in ( 11.111) . 

Notations. The symbols K ,Ki,... denote our main constants, which will be used 
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throughout the paper. In contrast, the local constants Cq,Ci,... will change from a 
section to another. We also denote by C a positive constant which may change from 
place to place. 

Acknowledgements. As is emphasized in the text our approach is essentially based 
on ideas and techniques introduced by Emmanuel Risler, to whom we are also indebted 
for many fruitful discussions. The work of Th.G was partially supported by the French 
Ministry of Research through grant ACI JC 1039. 



2 Global existence and asymptotic compactness 

In this section, we prove that the Cauchy problem for Eq. (11.11) is globally well-posed for 
positive times in the uniformly local energy space X = H^M.) x L^(R). We first recall 
the definitions of the uniformly local Sobolev spaces which provide a natural framework 
for the study of partial differential equations on unbounded domains, see e.g. [H El El fT6l 

[TIIEHIEOIEIIES]. 

For any u G L^ oc (R) we denote 



u\\ L 2 = supl / \u(x)\ 2 dx) = sup ||m|| L 2([£ i £ +1] ) < oo . (2.1) 



\l/2 

|w(x)| 2 dx ) 

The uniformly local Lebesgue space is defined as 



L 2 ul (R) = {« e Ll c {R) | NUs, < , lim \\T^u - u\\ Lli = o} , (2.2) 

where denotes the translation operator: (T^u)(x) = u(x — £). In a similar way, for any 
k E N, we introduce the uniformly local Sobolev space 

(R) = {ue iZ* c (R) | &u E L 2 nl (R) for j = 0, 1, 2, . . . , k} , (2.3) 

which is equipped with the natural norm 



j=0 



It is easy to verify that H^(R) is a Banach space, which is however neither reflexive nor 
separable. If C£ U (R) denotes the Banach space of all u € C k (R) such that d^u is bounded 
and uniformly continuous for j — 0, . . . , k, we have the continuous inclusions 



C b fc u (R) cjr 1 



In particular i^j(R) C£ U (R) and ||it|||oo < 2||«||ii for all u e H^. Note also that 

ul 

H^iR) is an algebra for any k > 1, i.e. HwUg* < C||w||frfc||^||H* f° r a ^ u , v ^ H^ X (R). 
Finally the space Cj^(R) is dense in H^iR) for any fceN. 

Remark: Some authors do not include in the definition of the uniformly local L 2 space the 
assumption that £ i— > Xg-u is continuous for any u e L^(R). The resulting uniformly local 
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Sobolev spaces are of course larger, but also less convenient from a functional-analytic 
point of view. In particular, one looses the property that if u 3 1 +1 (IR) is dense in H^(M). As 
we shall see, the definitions (12.21) . (12.31) guarantee that the damped wave equation (11.11) 
defines a continuous evolution in H^(R) x L^(R). 

Let X = #i(R) x L 2 ul (R) and Y = H^(R) x H^(R). The main result of this section 

is: 

Proposition 2.1. For all initial data (uq,ui) £ X, Eq. (11.11) has a unique global solution 
u £ C°([0,+oo),i?i(R)) n C 1 ([0,+oo),L^ 1 (R)) satisfying u(0) = u , u t (0) = u x . This 
solution depends continuously on the initial data, uniformly in time on compact intervals. 
Moreover, there exists > (depending only on a and V) such that 

lirnsup(|K-,t)||^ +|K(-,t)||| 2 ) < ^oo • (2.4) 

Proof: Setting w = (u,u t ), we rewrite (II. ip as a first order evolution equation 

w t = Aw + F(w) , (2.5) 

where 

* = -") 1 and FW = K«-W ' (26) 

Using d'Alembert's formula for the solution of the wave equation auu = u xx , it is straight- 
forward to verify that the linear operator A Q on X defined by 

is the generator of a strongly continuous group of bounded linear operators in X. The 
same is true for the linear operator A, which is a bounded perturbation of Aq, see [36l 
Section 3.1]. On the other hand, as V £ C 3 (R) and ^(R) ^ C^ U (R), it is clear that the 
nonlinearity F maps X into Y, and that F is Lipschitz continuous on any bounded set 
B C X. Thus a classical argument shows that the Cauchy problem for (12. 5p is locally 
well-posed in X, see |36l Section 6.1] or [T6], Section 7.2]. More precisely, for any r > 0, 
there exists T(r) > such that, for all initial data wo £ X with ||wo||x — r i Eq- (12.51) 
has a unique (mild) solution w £ C°([0,T], X) satisfying w(0) = wq. This solution w(t) 
depends continuously on the initial data Wq in X, uniformly for all t £ [0,T]. Moreover, 
if w £ Y, then w £ C\$,T\,X) n C°([0,T],Y) is a classical solution of To prove 

Proposition 12.11 it remains to show that all solutions of (12.51) stay bounded for positive 
times (hence can be extended to global solutions), and are eventually contained in an 
attracting ball whose radius is independent of the initial data. 

Assume that w = (u,u t ) £ C°([0,T],X) is a solution of (12.51) . Let p(x) = exp(— k\x\), 
where k > is small enough so that < 1 and k 2 < a, with a > as in (11. 3D . For 

any ^ £ R and all t £ [0, T], we define 

£(£, t) = [ (Tep)(x) (a 2 u 2 + au 2 x + 2aV(u) + \u 2 + aM« t ) (a;, t) dx , (2.7) 

.F(f , t) = {T iP ) (x) (au 2 + u 2 x + au 2 ) (x, t) dx , (2.8) 
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where V(u) = V(u) — V(l) > and (T^p)(x) = p(x — £). We also denote 

M(t) = sup£(f,t) , t G [0, T] . (2.9) 



Since u{-,t) G H^(R) and u t (-,t) G L^(R), it is clear that M{t) < oo for all t G [0,T]. 
Moreover, as V(m) > and |cmit|| < ^-u\ + |u 2 , we have 

r 2 i 

> y (T^)(a;)(^« t 2 + a^ + - U 2 )(a;,i)dx. 

Taking in both sides the supremum over (6R and using the definitions (12. 1H — (12.3p . we 
see that there exists C\ > (depending only on a) such that = \\ u ('i Olljj-i + 

lh(-,t)|| 2 2 <C x M(t). 

ul 

On the other hand, differentiating £(£, i) with respect to time, we find 

dt£(£, t) = — / (7^p)(au 2 + u x + uV'(u)) dx — (T^p)'(uu x + 2au x u t ) dx . 
Jr Jr 

To estimate the last integral, we observe that 

~ / (T^p)'uu x dx = ! (T(.p)u 2 dx - ku(£) 2 < [ (T^p)u 2 dx , 
Jr 1 Jr 1 Jr 

and 

/ (T^p)'2au x u t dx < 2cxk / (T^p) \u x u t \ dx < \J~olk I (T^p)(au 2 + u 2 ) dx . 
Jr Jr Jr 

Using (11.31) together with our assumptions on k, we arrive at 

d t £{t,t) <-\( (T^p)(au 2 + ul + au 2 )dx + - = -)-T{t,t) + - . (2.10) 

This differential inequality implies that the quantity M(t) defined in (12.91) is a decreasing 
function of time as long as it stays above a certain threshold. More precisely, we have: 

Lemma 2.2. There exists Ci > (depending only on a,V) such that, if M(t) > C2 for 
some t G [0,7] and £{£,t) > M{t) - 1 for some (6l, then d t S(£,t) < -1. 

Assuming this result to be true, we now conclude the proof of Proposition 12. 1[ It 
follows readily from Lemma O that M(t) < max(C 2 ,M(0) - t) for all t G [0,7], an 
estimate which holds for any solution w G C°([0,T], X) of (12.51) . This shows that any 
solution of (12.51) stays bounded in X for positive times (hence can be extended to a global 
solution), and that (12.41) holds with = C\C<i- □ 



Proof of Lemma 12.21 We use the same notations as in the proof of Proposition 12. 1[ 
Let C 3 = 2(1 + 2b/ k), and take L > large enough so that e KL > 3. Fix also £ G R 
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and t e [0,T]. If F{£,t) > C 3 , then d t £(£,t) < -1 by fl2~T0l) . On the other hand, if 
^(^jt) — C3, there exists C 4 > (depending on a, V, L, and C3) such that 

e(u,u x ,u t )(x,t) dx < C 4 , (2.11) 

where e(u,u x ,u t ) = a 2 u 2 + au 2 x + 2aV(u) + \u 2 + cm-Ui > 0. Inequality (12.111) holds 
because JF(£, t) controls the norm of (u, u t ) in H l {[^ — L, £ + L\) x L 2 ([£ — L, £ + L]). As 
a consequence of (12. 7p . (12. lip at least one of the following inequalities holds: 

f°° 1 

/ (Tzp)(x)e(u,u x ,u t )(x,t)dx > _(£(£, i)-C 4 ) , or (2.12) 

(T ? p)(x) e(u, Ma.,Mt)(a;,t) dx > -(£(£, t) - C 4 ) . 
Suppose for instance that the first inequality in (12.121) holds. Then 

poo 

E(£ + L,t) > / m +L p)(x)e{u,u x ,u t ){x,t)dx 

POO g 

> 3 / (T^p)(x)e(u,u x ,u t )(x,t)dx > -(£(£, t) - C 4 ) , 

because (T^ + ip)(x) > 3(Tgp)(x) for all x > £ + L, by assumption on L. Using a similar 
argument in the other case we conclude that, if t) < C 3 , then 

max(£(£ + L,t),£(e-L,t)) > \{£{^t) - C 4 ) . (2.13) 

Now, fix C 5 > 3(C 4 + 1). If M(t) > C 5 and £(£,*) > M(t) - 1, we claim that 
F(Z,t) > C 3 , so that dt£(£,t) < -1 by fl2TT0l) . Indeed, if F(£,t) < C 3 , it follows from 
fl2T3D that 

M(t) >m&x(£(£ + L,t),£(Z-L,t)^ > ^(M(t) - 1 - C 4 ) , 

which contradicts the assumption that M(t) > C5. □ 

Remark: The proof of Proposition 12.11 can be simplified if we assume, in addition to 
(II. 3p . that uV'(u) > a'y(tt) — 6' for some positive constants a',b', but Lemma [2.21 allows 
us to avoid this unnecessary assumption. 

To conclude this section, we show that the solutions of (11.11) given by Proposition 12.11 
are locally asymptotically compact, in the following sense: 

Proposition 2.3. Let u e C°([0, +00), H^(R)) n C 1 ([0, +00), L^(R)) be a solution of 
(II. ip . and let {(x n , t n )}neN be a sequence mix M + suc/i that t n — > +00 as n — > 00. 
TTien t/iere exists a subsequence, still denoted (x n ,t n ), and a solution u G C°(R, i^(R)) D 
C X (R, 0/ (HU) snc/i tfmi, /or all L>0 and all T > 0, 

SUp ( ||tt(x n + -,t n + t)-u(-,t)|| H i([- L ,L]) + ||Mf(x n + -,)f: n + t)-M t (-,t)|| L 2 ( r L L]) ) > 0. 

te[-T,r] v " J n ^°° 
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In other words, after extracting a subsequence, we can assume that the sequence 
{u(x n + x,t n + t)} converges in C°([-T, T], iZ"£ c (R)) n C\[-T, T], L? oc (R)) towards a so- 
lution u(x,t) of (11. lp . 

Proof: As in the proof of Proposition 12.1} we set w = (u, u t ) and we consider Eq. (12.51) 
instead of Eq. (11.11) . If wq G X, the solution of (12. 5ft with initial data wo has the following 
representation: 

w (t) = e At w + [ e A{t - s) F(w(s))ds = Wl (t) + w 2 (t) . 
Jo 

As is easily verified, there exists C% > and // > such that ||e A *||£(x) < C6e _Mt 
for all t > (this estimate will be established in a more general setting in Section [9l 
Lemma 1972]) . Thus u>i(t) = e M w converges exponentially to zero as t — > +oo, and can 
therefore be neglected. On the other hand, by Proposition 12. 1} there exists CV > such 
that ||iu(t)||x < C7 for all t > 0. As F maps X into K = -D(A) and is Lipschitz on 
bounded sets, there exists C$ > such that ||AF(n;)||x < Cs whenever ||u>||x < CV- 
Since v4iy 2 (t) = | ' e^*" s UF(«)(s)) ds, we deduce that 

||^ 2 (t)||x < C 6 / e -^>||AF(™(s))||xd S < ^ , t > , 
Jo A* 

hence there exists Cg > such that ||u>2(£)||y < Cg for all t > 0. In particular, given any 
T > 0, the sequence {u^Xn + •, i n — T)} is bounded in H 2 ([—L, L]) x if 1 ([— L, L]) for any 
L > 0. Extracting a subsequence and using a diagonal argument, we can assume that 
there exists w G ifj^R) x i^ c (R) such that, for any L > 0, 

u> 2 (x n + -,t„-T) ► w m H l ([-L, L]) x L 2 ([-L, L]) . (2.14) 

By construction ||wo||y — Cg, hence in particular wq G X. Note that ( 12. 14ft still holds if 
we replace w 2 by the full solution w, because ||u>i(-, i)||x converges to zero. Finally, let 
w(t) G T, +00), X) be the solution of (12.51) with initial data w(-,—T) = w . Since 
the evolution defined by ( 12. 5ft has a finite speed of propagation, it is clear that the solution 
w(t) depends continuously on the initial data Wq in the topology of Hl oc (M.) x Lf oc (R), 
uniformly in time on compact intervals. Thus it follows from ( 12. 14ft that, for all L > 0, 

SUp \\w(x n + ;t n + t) - w(-,t)\\ H U[-LJ,])x&([-LM) >0. 

te[-T,T\ n ^°° 

Repeating the argument for larger T and using a diagonal extraction, we conclude the 
proof of Proposition 12.31 □ 



3 Pinching at infinity and splitting of the solution 

In this section we prove that, if the initial data satisfy the boundary conditions fll.9n . fll.lQB . 
the solution u(x, t) of Eq. (II .ip has the same properties for all positive times. As a 
consequence, we show that any such solution can be decomposed into a principal part 
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v(x,t) which is compactly supported to the right, and a small remainder r(x,t) which 
decays exponentially to zero as t — > +00. 

We first verify that, due to assumptions (jl.4p . (jl.5p . the homogeneous equilibria u = 
and it = 1 are stable steady states of Eq. (11.11) . Let («o,«i) G X = i^(R) x L^(1R), and 
let (u,u t ) be the solution of Eq. ( 11. ip with initial data (tto, wi) given by Proposition 12.11 

Lemma 3.1. There exist positive constants Ki, 5i, \ii for i — 0,1 such that 

a) J/||Kui)|ft <*o, then \\(u(; t), u t (; t))\\ 2 x < K \\(u , u x )f x e'^ for allt>0. 

b) // ||(uo-l,Ui)|ft < S u then \\(u(;t)-l,u t (;t))\\ x < KiWiuo-hu^xe-^ for all 
t > 0. 

Proof: It is sufficient to prove a), the other case being similar. Let (3q = V"(0) > 0, and 
choose e > small enough so that 

y < V"{u) < 2P , for all u G [-e ,e ] . (3.1) 

In particular, we have 

< uV'{u) < 2(3 u 2 , and ^ < V{u) < (3 u 2 , (3.2) 
whenever \u\ < e . In analogy with (12.71) . we introduce the functional 

£o(£) t) — [ (T^p)(x) (a 2 u 2 + au 2 x + 2aV{u) + -u 2 + auut] (x, t) dx , 
Jr ^ 2 / 

where p(x) = exp(— k\x\) and k > is small enough so that 2^faK < 1 and 2k 2 < (3q. If 
||u(-,t)||iao < 2||u(-,t)||^i < eg, it follows from Q and from the definitions (IO)-(IO) 

ul 

that 

C, l \\{u{;t)M;t))\\ 2 X < 8*V£o{Z,t) < C \\(u(;t),U t (;t))\\ 2 x , 

for some Co > 1. Under the same assumption, we find as in the proof of Proposition 12.11 

d t £o(£,t) — — I (T^p)(au 2 + u 2 x + uV'(u)) dx — / (T^p)'(uu x + 2au x u t ) dx 
Jr Jr 

J ( T tP)(^u 2 t + \i 2 x + y« 2 ) da; < -fM £o(£,,t) , 



< 



for some po > 0. Now, let K = C 2 and choose 5o > small enough so that 2K 5q < 
Eq. If || (uo, ui) \\ 2 X < 60, the inequalities above imply that the solution (u,u t ) satisfies 
\\{u(-,t),u t (;t))\\ 2 x < ffo||(«o,«i)||^e-«>* for all t > 0. In particular, |K,t)||£o= < 
2||M(-,t)|| 2 ¥ i < ege-w* for all t > 0. □ 



From now on, we assume that the initial data (mo,mi) G X satisfy the assump- 
tions (Ol) . (ITTTOl) for some 5 < min(5 , <Ji)/2, and we let u G C°([0, +00), #i(R)) D 
C 1 ([0, +00), L^(R)) be the solution of ( 11.11) given by Theorem ll.il Using Lemma I3TTI and 
the finite speed of propagation we show that, for all t > 0, the solution u(x, t) stays close 
for large |x| to the homogenous equilibria u = and u = 1. 



12 



Proposition 3.2. If 5 < min(#o, S\)/2, the solution of (II. ip given by Theorem li.il satis- 
fies, for allt > ; 

limsup / U(x,t) 2 + w a; (x,t) 2 + ut{x,t) 2 ) dx < K S e~ Mt , (3.3) 
limsup/ ((w(x,t) - l) 2 + u x (a;,t) 2 + Mi(x,t) 2 ) da; < if^i e _/l1 *. (3.4) 

Proof: We only prove the first inequality, the second one being similar. Take £0 £ M such 
that 

^uo(x) 2 + u' (x) 2 + «i(x) 2 j dx < , for all £ > £0 — 4 . 

We consider the modified initial data (ro,ri) G X defined by 

r (x) = 0(x — £o)wo(x) , T\(x) = 6{x — ^o)ui(x) , iGl, (3.5) 

where 8(x) = min(l, (1 + x/4) + ) satisfies 6(x) = 1 for x > 0, #(x) = for x < —4, and 
|#'(x)| < 1/4 for all x. By construction (r (x), ri(x)) = (wo(x), «i(x)) for all x > £0, and 

ll( r o,^i)||x < o SU P / (u (x) 2 + u' (x) +Mi(x) 2 )dx < S . 

If (r,r t ) G C°([0, +00), X) is the solution of (11. ip with initial data (r ,ri), we know from 
Lemma 13.11 that 

\\(r(-,t),r t (;t))\\ 2 x < K 5 e-^ , for allt > . (3.6) 

On the other hand, the finite speed of propagation implies that u(x,t) = r(x,t) for all 
t > and all x > £ + t/y/a. Both observations together imply (13. 3p . □ 
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Decomposition of the solution: The proof of Proposition 13.21 provides us with a useful 
decomposition of the solution of (11.11) . Let 

u(x,t) = v(x,t) +r(x,t) , t>0, (3.7) 

where r(x,t) is the solution of (II. ip associated to the initial data (r ,ri) defined in (13.51 ). 
By construction, the principal part v(x,t) vanishes identically for x > £0 + t/y/a, and 
satisfies the modified equation 

av tt + v t = v xx - V'(v + r) + V'(r) , (3.8) 

supplemented with the initial data (v ,Vi) = (u — r , U\ — r x ). If we define 

f( Vj r) = V'(v)+V'(r) -V'(v + r) = -vr [ [ V"'(tv + sr) dt ds , (3.9) 



jo 



we can rewrite (13.81) in the form 

ocvu + v t = v xx - V'(v) + f(v, r) . (3.10) 
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The main advantage of working with f 1 3 . 1 1) instead of (11. ip is that the energy functional 
(11.14p (with u replaced by v) is well-defined for all c > since v(x,t) is compactly 
supported to the right. The price to pay is the additional term f(v,r) in ( 13.101) . which 
we shall treat as a perturbation. Remark that, since v(x,t) and r(x,t) stay uniformly 
bounded for all t > 0, the formula (13.91) shows that there exists K 2 > such that 

\f(v(x,t),r(x,t))\ < K 2 \v(x,t)\ \r(x,t)\ , xeR, t>0. (3.11) 

Moreover, we know that ||r(-,t)|||oo < 2||r(-,t)||L < £§e _/i °* for all t > 0, hence (l3~T0l) 
is really a small perturbation of (11.11) for large times. In particular, the asymptotic 
compactness property stated in Proposition 12.31 holds for the solution v(x,t) of (13.101) . 
and by Proposition 12.11 there exists Mq > such that 

IK,*)IIhi +\\v t (;t)\\l* < M o i foralH>0. (3.12) 

ul ul 

The invasion point: As is explained in (T5J [38], to control the behavior of the solution 
u(x, t) of ( II .ip using the energy functionals ( 11.141) it is necessary to track for all times the 
approximate position of the front interface. Since r(x, t) converges uniformly to zero as 
t — > +oo, this can be done for the solution v(x, t) of (I3.10p instead of u(x,t). We thus 
introduce the invasion point x(t) G M defined for any t > by 

x(t) = sup{x G R \ \v(x,t)\ > e } , (3.13) 

where Eo is as in ( 13. ip . It is clear that x(t) < + t/y/a since v(x,t) vanishes identically 
for larger values of x. In the same way, using ( 13 .4p . one can prove that there exists 
£l G R such that x{t) > £i — t/^fa for all t > 0. Note that x{t) is not necessarily a 
continuous function of t, although it follows from the definition (I3.13P that x{t) is upper 
semi-cont inuous . 



4 Energy estimates in a Galilean frame 

As is explained in the introduction, the proof of Theorem 11.11 is based on the existence of 
Lyapunov functions for Eq. (11.11) in uniformly translating frames. The aim of this section 
is to define these functions rigorously and to study their basic properties. 

Let u(x,t) be a solution of (11.11) whose initial data satisfy the assumptions of The- 
orem 11.11 Given any c > 0, we go to a uniformly translating frame by setting, as 
in ( 11.121) . u(x,t) = ■u c (v / l + ac 2 x — ct , t). To avoid confusions, we always denote by 
y = yl + ac 2 x — ct the space variable in the moving frame. Note that the physical speed 
s G (0, of the frame is related to the parabolic speed c > by the formulas 

(4.1) 



Vl + ac 2 



as 
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If u(x,t) is decomposed according to (13.71) . then u c (y,t) = v c (y,t) + r c (y,t) where 

v c (y,t) = v( V^ ,t) , and r c (y,t) = r( 7== ,*) • (4-2) 
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By construction, both v c and r c belong to C°([0, +00), H^(R)) n ^([0, +00), Z&(R)). 
Moreover, from (13. 12ft and Lemma [3.11 we know that 

K(t)||i- < 2|Kt)|| 2 ^ < Ml , ||r c (t)||i. < 2||r(t)||^ < ege"** , (4.3) 

for all £ > 0. In view of (11.131) . (13.10j) . the evolution equations satisfied by v c , r c read 

ar c + f c - 2acf' c = r" c + cr' c - V'(r c ) , 

av c + v c - 2acv' c = v" c + cv' c - V'{v c ) + f(v c , r c ) , 1 ' j 

where f(v c ,r c ) = —V'{v c + r c ) + V'(v c ) + V'{r c ). Here and in the rest of the text, to 
simplify the notation and to avoid double subscripts, we denote v c (y,t) = d t v c (y,t), 
v 'c(y^) = dy v c(y,t), and similarly for r c . In analogy with (I3.13p . we also define the 
invasion point in the moving frame by 



.(*) = Vl + ac 2 x{t) -ct = sup{y G R \ \v c {y,t) \ > e } . (4.5) 



4.1 The energy functional 

In a moving frame with parabolic speed c > 0, the energy functional involves an exponen- 
tially growing weight e cy , see (11.141) . It is thus natural to introduce the following weighted 
spaces: 

L a e (R) = {ue LL(K) I e cyl2 u G L 2 (R)} , (4.6) 
H*(R) = {u G HlJtiL) I e cy/2 u G L 2 {R) and e cy/2 u' G L 2 {R)} . 

Since v c (-,t) G H^(M) and v c (y,t) vanishes for all sufficiently large y > 0, it is clear that 
v c (-,t) belongs to H^(R) for any c > 0. Similarly, v c (-,t) belongs to L 2 (M). The following 
quantity is thus well-defined for any y G M and all t > 0: 

E c (i/ ,t) = y e ^(|i^ + i|^ +1 /(^ (2/0+2/)t ) d2/ . ( 4. 7) 

We shall refer to E c (yo, t) as the energy of the solution t> c (y, t) in the moving frame. The 
translation parameter y$ is introduced here for later convenience. Changing y$ results in 
a simple rescaling, as is clear from the identity 

E c (y ,t) = e« y ^E c (y u t) . (4.8) 

Due to the term f(v c ,r c ) in (14.41) . the energy E c (y ,t) is not necessarily a decreasing 
function of time. Indeed, a formal calculation gives 

d t E c {y ,t) = -(l + ac 2 ) / e cy \v c {y + y,t)\ 2 dy + R c {y ,t) , (4.9) 

Jr 

where 

Rc{Vo,t)= [ e cy (f(v c ,r c )v c )(y +y,t)dy . (4.10) 
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Using (13.111) and (14.31) . it is easy to verify that R c (yo,t) is well-defined for all t > and 
depends continuously on time. A classical argument then shows that E c (y ,t) is indeed 
differentiable with respect to t and that (14. 9ft holds for all t > 0. The purpose of this 
section is to show that, in appropriate situations, the remainder term R c in (14 .9p is a 
negligible quantity which does not really affect the decay of the energy. Our first result 
in this direction is: 

Lemma 4.1. There exists a positive constant K 3 , independent of c, such that 

\Rc(vo,t)\ < K*e->*(E c (y Q ,t) + ^ e c ^~^) , (4.11) 

for all |/o G M. and all t > 0, where /i = /U /2. 
Proof: Using fl3~TT|) . (Q]l . and fl4~TUD . we obtain 

\R c (yo,t)\ < K 2 e Q e-i*f e c ^\v c v c \(y,t)dy 



If y > then 1^,01 < e by gSJ), hence \v c (y,t)\ 2 < {4//3 )V{v c {y,t)) by Q. 

Thus 

l(\v c (y,t)\ 2 +\v c (y,t)\ 2 ) < C^\v c {yM 2 + \WAvM 2 + V{v c {y,t))) , 
where C = max(a _1 , Zfio 1 )- If y < y c (^)> we can bound 

~(|4(y,0l 2 +k(y,*)| 2 ) <c(fl«c(y,0l 8 + iKc(y,*)l 2 + n«c(y,0)) 

+ ^ c Wlli-+C|minU| . 



Combining these estimates and using (14.31) . we thus obtain 

t/M 2 \ 
tf£ c (y , *) + {-f- + C\ min V\ j y e c ^°) dy 

< K 3 e~^ \E c (y ,t) + ^ e «)^°) J , 
which is the desired result. □ 

The following corollary of Lemma 14.11 will turn out to be useful: 

Proposition 4.2. Assume that the invasion point satisfies, for some c + > 0, 

Vc + (t) 
lim sup < . 

t^+oo t 
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Then, there exist 77 > and K4 > such that, for all c G [c+ — 77, c + + 77], a// 2/0 G K, and 
a// ti > t > 0, 

£ c (l/o,ti) < K 4 max(E c (y ,t ) , e~ cyo ) . (4.12) 

Moreover 

|i2c(yo, *)| < K 4 e~^ 2 max(£ c (7/ , t ) , e~ cyo ) , for all t > t . (4.13) 

Proof: By assumption, for all e > 0, there exists C e > such that y c+ {t) < et + C £ for 
all t > 0. In a frame moving at parabolic speed c, this bound becomes 

/ / 1 + ac 2 , , \ / 1 + ac^ 

s " (t) - (VTT^ (c+ + £) -' : J t + VTT^ C " 

Thus, if we choose e > small enough, there exist 77 G (0, c + ) and Ci > such that, 
for all c G [c + — 77, c + + 77] and all t > 0, we have q/ c (t) < (fd)/2 + Cx. Using f)4.9p and 
Lemma [4.11 we deduce that 

d t E c (y ,t) < \R c (y ,t)\ < K 3 e^{E c (y , t) + C 2 e ^ 2 "^) , (4.14) 

for some C2 > 0. Integrating this differential inequality between t and ti, we obtain 

E c (y , tl ) < e^ t0 -^E c (y ,t )+K 3 C 2 F ^ e~^™ dt 

J to 

< K 4 m a x(E c (y ,t ),e- cyo ) , 
which proves (14.121) . Estimate (14. 13j) is a direct consequence of (14.121) and (I4.14p . □ 

Remark: Of course, if the initial data uq, U\ decay rapidly enough as x — > +00, the 
decomposition (13.71) is not needed and we can use the energy (11 . 141) instead of (14.71) . This 
is the point of view adopted in [15J. In a first reading of the paper, it is therefore possible 
to set r = everywhere, in which case the remainder term R c (yo, t) disappears from (14.91) 
and the energy E c (yo, t) is a true Lyapunov function. However, once the the invasion point 
is under control, the results of this section show that R c (yo,t) becomes really negligible 
for large times. Thus the general case can be seen as a perturbation of the particular 
situation where r = 0, and the outline of the arguments is the same in both cases. 



4.2 A Poincare inequality 

As was already noted in [33] and [TS], Poincare inequalities hold in the weighted space 
tf^R) if c>0. 

Proposition 4.3. Let c > and let v c G ff^I). Then e cy \v c (y)\ 2 — > as y — >• +00. 

Moreover, for any y\ G R ; 

2 poo poo 

- / e c «\v c (y)\ 2 dy < / e cy \v' c (y)\ 2 dy , (4.15) 

and 

poo 

ce^\v c ( yi )\ 2 < / e cy \v ! c {y)\ 2 dy . (4.16) 
Jyi 
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Proof: A simple integration shows that, for all t/i < y 2 , 

e CV2 \v c (y 2 )\ 2 - e c ^\v c ( yi )\ 2 = 2 / e cy v' c (y)v c (y) dy + c / e cy \v c {y)\ 2 dy . 

When y2 goes to +00, both integrals in the right-hand side have a finite limit since 
v c G Hc(M). Thus the first term in the left-hand side also has a limit, which is necessarily 
zero since y 1— > e cy \v c (y)\ 2 e L 1 (M). It follows that 

e cyi \v c ( yi )\ 2 < 2 / e<*\v' c {y)v c {y)\dy-c / e^\v c {y)\ 2 dy . (4.17) 
Jyx Jyi 

Now, for any d > — c, we have \2v c v' c \ < (c + <i)|f c | 2 + ^|^| 2 . Inserting this bound in 
( HTTP we find 

1 poo poo 

e cyi \v c ( yi )\ 2 < — - / e c y\v' c (y)\ 2 dy + d e> c (y)| 2 dy , 
c + dj yi J yi 

from which (14. 15ft follows by taking d = —c/2 and (14.161) by choosing d = 0. □ 

The Poincare inequality implies the following important lower bound on the energy. 
We recall that, for all y > y c (t), one has \v c (y, t)\ < e by (14.51) . so that V(v c (y,t)) > 
by 1152)1 . Thus 

Sc(lto,*) = e- cyo j e^(^\v c \ 2 + ~\v'f + V(v c ))(y,t)dy 
+ e~ cyo e c y(^\v c \ 2 + l\v' c \ 2 + V(v c ))(y,t)dy 

Jy c (t) \2 2 / 

/ff c (*) 1 r°° 

e cy (mmV)dy + e- cyo - / e cy |^(?/,t)| 2 di/ . 
■00 2 y^ c(t ) 

Using now ( 14.161) and the fact that \v c (y c (t), t)\ = Eq, we obtain 



E c (y ,t) > e ^W-^)(^ + ^) . (4.18 



5 Existence of the invasion speed 

The purpose of this section is to show that the invasion point x(t) defined in ( 13.131) has a 
positive average speed as t — > +00: 

x(t) 

Proposition 5.1. The limit lim = exists and lies in the interval (0, -4=). 

t * a 

We call Sqo the invasion speed because this is the speed at which the front interface 
described by the solution u(x, t) "invades" the steady state u = 0. We prove that < 
which means that the invasion process is always "subsonic". This might not be the 
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case if we drop the assumption that the equilibrium u = is stable. For instance, if 
h(x) = (1 + e x )~ 1 , one can check that u(x,t) = h(x — st) is a solution of (11.11) provided 
that 

—V'{u) = u(l — u)(s + 7(1 — 2m)) , where 7 = as 2 — 1 . 

If we choose s > large enough so that 7 > 0, the front h(x — st) is supersonic, but in 
that case we also have V"(0) < 0, hence u = is an unstable equilibrium of ( 11. ip . 

Our proof of Proposition 15.11 follows closely the method introduced in [3H] and simpli- 
fied in [T3]. It is divided into three lemmas. 

x(t) 1 

Lemma 5.2. One has limsup < —= . 

t v« 

Proof: Choose c> large enough so that + ^ > 0. By (14181) . there exists d > 
such that E c (0,t) > C\ e c ^ c ^ for all t > 0. Inserting this bound into (14. lip , we see that 
there exists C2 > such that 

d t E c (0,t) < \R c (0,t)\ < C 2 e-' xt E c (0,t) , for all t > . 

If we integrate this differential inequality as in the proof of Proposition 14.21 we find that 
E c (0, t) < C 3 E c (0, 0) for all t > 0. Going back to the lower bound E c (0, t) > G x e c5c(t) , we 
conclude that y c (t) is bounded from above, hence 

T X(t) 1 / Vc(t)\ C 1 

hm sup = = I c + hm sup ) < = < , 

t vl + ac 2 V t^+oo t J vl + ac 2 V« 

which is the desired result. □ 



x(t) 

Lemma 5.3. One has limsup > . 

t 

Proof: We argue by contradiction and assume that limsup(y c (t)/t) < for all c > 0. 
Using flUD, (OQj) together with the bound (j5TT]l . we find 

ftE c (0,t) = -(1 + ac 2 ) / e cy \v c \\y,t)dy+ [ e cy (f(v c ,r c )v c )(y,t)dy 

< - f e»\f{v a r e )\\y,t)dy < ^ / e^l^y, t) | 2 |r c (y, t) | 2 dy . 

Our goal is to bound the right-hand side by a quantity which is integrable in time and 
independent of c if c is sufficiently small. To do that, we fix d = where /i > is 

as in Lemma HIU and we assume that c E (0, c'\. Denoting p = \/T-j- ac 2 / vL + ac' 2 and 
using the definitions (14.21) . we obtain the identity 



e cy \v c \ 2 \r c \ 2 (y,t)dy = / e cy \v d \ 2 \r c ,\ 2 (p-\y + ct) - c't , t) dy 

Jr 

= pe c{pc '- c)t [ e cpz \v d \ 2 \r c ,\ 2 (z,t)dz . 
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Since p < 1 and c(pc' — c) < p by construction, we have 

c y\v c (y,t)\ 2 \r c (y,t)\ 2 dy < 4* ( f°° e c '> c ,| 2 |rv|%, t) dy + I \v d \ 2 \r c ,\ 2 (y, t) dy 



Remark that the right-hand side is now independent of c. To bound the first integral, we 
proceed as in the proof of Lemma fl~Tl Since y c i{t) is bounded from above by assumption, 
so is E c i (0, t) by Proposition 14.21 and we obtain 



CO 



'y\v c ,\ 2 \r c ,\ 2 (y,t)dy < ege" 3 ** / e^My, t) \ 2 dy 

Jm 

< C8le~ 2 » t (E c ,(0,t) + {Ml + \mmV\)^e c '^' {t ^ < C 4 e~ 2 ^ , 

for some C4 > 0. To estimate the second integral we observe that r(x,t) = for x < 
£0 — 4 — t/y/a, because the initial data (r ,ri) satisfy (13.51) . Thus there exists C 5 > such 
that r c r(y,t) = whenever y < — 6*5(1 + 1), hence 

\v & \ 2 \r & \ 2 (y,t)dy < C 5 (l + *)|M*)lli» \\r4t)\\ 2 Loc < C 5 (l + t)M 2 e 2 eT 2 ^ . 

Summarizing, we have shown the existence of a constant Cq > such that d t E c (0,t) < 
C 6 (l + t)e-^ for all t > and all c G (0,c']. In particular, d t E c (0, t) dt < C 7 = 
C 6 (l+fi)/fi 2 . 

Now, if the initial data (uo, Ui), or equivalently (vq, vi), satisfy the boundary condition 
(II. 9p for some sufficiently small 5 > 0, it is straightforward to verify that 

Vl + ac 2 7r V2 2(l+ac 2 J / c^o 

because V(l) < 0. In particular we can take c G (0, c'] small enough so that E c (0, 0) < 
-2C 7 . Then £ c (0, t) < -C 7 for all t > 0, and since E c (0, t) > -e c ^ | min V\/c by fl4~Tgl) . 
we conclude that y c (t) is bounded from below. Thus limsup(y c (t)/t) > 0, which is the 
desired contradiction. □ 



x(t) x(t) 
Lemma 5.4. One has liminf = limsup . 

t t 

Proof: Again, we argue by contradiction and assume that 

.. . c x(t) x(t) 
s_ = hmmt < limsup = s + . 

t t^+oo t 

Then there exist two increasing sequences of times t n and t' n , both converging to +00, 

such that _ _ 

x{t n ) x(t' r 



* s+ , and — — > s. 



t„ n— »oo t 



n 



n—foo 



Given T > 0, we can assume in view of Proposition 12.31 that the sequence of functions 
(v,v)(x(t n ) +-,t n + •) converges in the space C°([0,T], H^ oc (R) x L^ oc (R)) to some limit 
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(w,w) which satisfies (II. ip . Note that |u>(0,0)| = e 9 , because \v(x(t n ), t n )\ = eq for all n 
by definition of the invasion point. 

Let c_,c + be the parabolic speeds associated to s_,s + according to (14. ip (if s_ < 0, 
we simply take c_ = 0). We choose any c G (c_,c + ) such that c > c + — i], where r] 
is the positive constant given by Proposition 14.21 By construction, y c (t n ) — > +oo and 
y c (t' n ) — > — oo as n — > oo. Applying (14.131) with y = to = 0, we see that there exists 
C 8 > such that \R c (0,t) \ < C 8 e~^ 2 for all t > 0. Since d t E c (0,t) < R c (0,t), it follows 
that E c (0,t) > E c (0,t' n ) - C 9 e~^ 2 for t G [0,t'J, where C 9 = 2C 8 //i. Taking the limit 



n 



oo and using (SUED, we conclude that E c (0,t) > -C 9 e"^ 2 for all t > 0. 
On the other hand, using (14.71) and the estimate above on R c (0, t), we obtain 



E c (0,t) - E c (0,0) < -(1 + ac 2 ) [ [ e cy \v c (y,r)\ 2 dydr + C 9 

Jo Jr 

Recalling that E c (0, t) > —C 9 e^^/ 2 and setting t = t n + T, we find 

rtn+T p 

^ c (0,0) > -C 9 + (l + «c 2 ) / / e c y\v c {y,t)\ 2 dydt 

Jo Jr 



t n +T 



> -C 9 + (1 + ac 2 ) / / e c ^ + ^\v c {y c {t n ) + y,t)\ 2 dydt 



hence 

" T r e -c^c(*n) 

e cy \v c (y c (t n )+y } t n + t)\ 2 dydt < (E c (0, 0) + C 9 ) > . (5.2) 

I 1 + Or n^oo 







Since 



v c {y, t) = v ( f + Ct , t) + st; / f J + Ct t ) , where s 



Vl + ac 2 J VVl + ac 2 / V1 + 



ac 



2 



it follows from (I5.2p that J* J^ L \v + sv'\ 2 (x(t n ) + x,t n + t) dxdt converges to zero as 
n — » oo for any L > 0. Passing to the limit, we conclude that w(x,t) + sw'(x,t) = for 
all t G [0, T] and (almost) all i6l The key point is that this identity must hold for all 
c G (c_, c_|_) such that c > c + — 77; i.e., for all s in a nonempty open interval. Obviously, 
this implies that w' — w — 0, hence, since |w(0, 0)| = £ , w(x, t) is identically equal either 
to e or to — e . But this is impossible, because w must be a solution of (11.11) and we 
know from (J22D that ^'(±£ ) 7^ 0. □ 



6 Control of the energy around the invasion point 

Proposition 15.11 shows that the invasion point x(t) has an average speed G (0, 
as t — > +00. Our next objective is to prove that the solution f(x,t) of (I3.8P converges in 
any neighborhood of the invasion point to the profile of a travelling front. To achieve this 
goal, a crucial step is to control the energy E c (y c {t),t) for c close to c^, where 

(6.1) 



The main result of this section is: 
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Proposition 6.1. There exists a positive constant rj such that, for all c G [coo — 77, Coo+77], 
the energy E c (y c (t),t) is a bounded function oft>0. 

Remarks: 

1. It is important to realize that, unlike in the previous sections, we do not consider in 
Proposition 16.11 the energy E c (y ,t) located at some fixed point yo in the moving frame, 
but the energy E c (y c (t),t) located at the invasion point. From (14.181) we know that 
E c (y c (t),t) > (mmV)/c for all t > 0, hence the only problem is to find an upper bound. 
If c is close to Cqo, it follows from Proposition 14.21 (with c + = Cqo) that E c (y c (to),t) is 
bounded from above for all t > to > 0. Thus, using the relation 

E c (y c (t),t) = e c (^o)-M E c (y c (t ),t) , t > t , (6.2) 

which follows immediately from (14.81) . we see that E c (y c (t),t) is bounded from above 
if y c (t) stays bounded from below. Unfortunately y c {t) — > —00 as t -> +00 if c > 
Cqo, and even if c = c^ we do not know a priori if y c {t) is bounded from below. The 
essential ingredients in the proof of Proposition 16.11 are Lemma 16.21 which allows to 
control the growth of the exponential factor e c( ^ c ^~^ c ^ in the right-hand side of (16.21) . 
and Lemma 16.41 which shows that the energy E c (y c (to),t) decays significantly under 
appropriate conditions. 

2. We shall prove in Section[7]that Cqo = c* and that the function v Ct (jj Ct (£) + •, t) converges 
uniformly on compact sets to the unique solution h of (11.71) such that h(0) = e . Now, it 
is easy to verify that h G Hl(R) for c < Ch = |(c* + a/ c * + AV"(0)). In agreement with 
Proposition 16.11 we thus expect that the energy E c (y c (t),t) stays bounded for all times if 
c is close to Cqo = c*, and blows up if c > Ch- 

3. The fact that the conclusion of Proposition 16.11 holds not only for c = Cqo but for 
all c in a neighborhood of the invasion speed is one of the key points of our convergence 
proof. It will allow in Section [7] to control the variation of the energy E c (y c (t),t) when the 
parameter c is increased, a difficult task due to the exponential weight e cy in (14.71) . This 
problem is completely avoided in the alternative approach of [38] where only bounded 
weights are used. 

The first step in the proof of Proposition 16.11 consists in showing that the invasion 
point x(t) cannot make arbitrarily large jumps to the left. 

Lemma 6.2. There exists i] > such that, for all c G (c^ — r], c^), there exists a positive 
constant M c such that, 

V c {t') > y c (t) - M c , for allt' >t>0 . (6.3) 

Proof: Let rj be the positive constant given by Proposition 14.21 for c + = c^o. To prove 
(16. 3p . we argue by contradiction. Assume that there exist a speed c G (c^ — ?7,Coo) 
and two sequences of times {t n } and {t' n } such that t' n > t n > for all n G N and 
y c (t' n ) — y c (t n ) — > —00 as n — > 00. Since c < Cqo, we know that y c (t) — > +00 as t — ► +00, 
and therefore we must have t n — > +00 as n — > 00. Thus, if we fix any T > 0, we can 
apply Proposition 12.31 and assume without loss of generality that the sequence of functions 
{y ,v)(x(t n ) + -,t n + •) converges in the space T, 0], H^iM) x Lj^M)) toward some 
limit (w,w) which satisfies (II. ip . 
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Using (14.91) and Proposition 14.21 we obtain for all n G N: 



1 ac 2 ) I " I e"\v e \ 2 (y c (tn)+y,t)dydt 

't n -T JR 

2K, 



< E c (y c (t n ),t n — T) — E c (y c (t n ),t' ) H - max( E c (y c (t n ) , t n -T) , e 

H V 

In view of (I6.2p . we have 



max (E c (y c (t n ), t n -T), e"^)) = e~ c ^ max(£ c (0, t n - T) , 1) ► , 

because y c (t n ) — > +oo and E c (Q,t n — T) is bounded from above due to (14. 12ft . On the 
other hand, since y c (t' n ) — y c {t n ) — > — oo by assumption, it follows from (14. 18j) that 

-EM(t n )X) < e^)~v^))\^Yl > o . 



Thus, we have shown: 

(1 + ac 2 ) / / e cy \v c \\y c {t n ) +y,t n + t)dydt > 



Proceeding as in the proof of Lemma 15741 we conclude that w(x, t) +sw'(x, t) = for all 
t G [— T, 0] and (almost) all iGl, where s = cj yl + ac 2 . Now, the crucial observation 
is that, for any d G (c, c^), we still have y c i(t n ) — > +oo and y c /(t' n ) — y c i{t n ) — ► — oo as 
n — > oo. The second claim follows immediately from the identity 



y C2 (0 - l/ C2 (t) = (y cl (0 - y ci (*)) + (^^3 Cl - c 2 ) (f - 1) . (6.4) 

Thus, repeating the same arguments, we conclude that w + s'w' = for all s' in a 
nonempty open interval. This implies that w — w' — 0, and we obtain a contradiction as 
in Lemma [5.41 □ 



Combining the bound ( 16.31) and the identity (16.41) . we obtain the following useful 
estimate, which is valid in any frame whose speed is close enough to the invasion speed. 

Corollary 6.3. For all p > 0, there exist rj > and M > such that, for all c G 
[coo -ViCoo + v], 

y c (t') - y c {t) > —M — p(t' - t) , for all t' >t>0 . (6.5) 

The next proposition shows that, if the energy is sufficiently large at a given time, and 
if the invasion point stays bounded from above on a sufficiently long time interval, then 
a significant decay of energy must occur. 

Lemma 6.4. There exist positive constants rj, t , u, and K 5 such that the following holds. 
For any c G [c^ — 77, + rf\, any y G R, any ti > t , any T > 0, and any M > 0, if the 
invasion point satisfies y c {t) <yo + M for all t G [ti, t\ + T], then 

E c (y ,ti + T) < K b (e~" T E c {y Q ,h) + e cM ) . (6.6) 
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Proof: Let rj be the positive number given by Proposition 14.21 for c + = and let 

c G [coo — rj, Coo + T))- Given y G K, we define 

£ c (y ,*) = £e cy (||^| 2 + ^|^| 2 + \/(t; c ) + «7^ c )(i/o + l/,t)di/ , 
where 7 > will be fixed later. Equation (I4.4p satisfied by v c implies that 

d t £ c (y ,t) = [ e cy (-{l + ac 2 )\v c \ 2 + f{v c ,r c )v c + a 1 \v c \ 2 - 1 {l + 2ac 2 )v c v c 



- 2a^cv' c v c - j\i/ c \ - jV'(v c )v c + 7/(f C) r c )v c ) (y + y, t) dy . 
From ( 13. lip and ( 14.31) we know that 

e cy \f(v c ,r c )\(\vc\+l\v c \)(yo + y,t)dy < K^e* I e cy (\v c \ 2 + \v c \ 2 )(y + y,t)dy, 



provided that 7 < 3/4. Thus, using the bound 2ab < C~ l a 2 + Cb 2 and the Poincare 
inequality (14.151) . we obtain that, if 7 is small enough and to is large enough, the following 
estimate holds for all t > t : 

d t £c(yo,t) < - J^fyvf + ^\v'f + lV'(v c )v c yyo + y,t)dy . 

On the other hand, we know from (14. 3 p that \v c (y,t)\ is uniformly bounded for all y G R 
and all t > 0, and from §£2$ that 2V'(v c (y,t))v c (y,t) > V(v c (y,t)) > ((3 /A)v c (y,t) 2 for 
all y > y c (t)- Thus, there exist lj > and Co > such that 

d t S c (y ,t) < -u£ c (y ,t) + C e cy (\V'(v c )v c \ + \V(v c )\ )(y + y, t) dy , 



< -uj£ c (y ,t) + C e c ^-y^ , (6.7) 

for all t > t . In a similar way, there exist C\ > 1 and C 2 > such that 

C^E c (y , t) - C 2 e c ^(*)-yo) < t) < Cl E c (y , t) + C 2 e<^~^ , (6.8) 

for all t > to. Remark that, in (16.71) and ( 16.81) . all constants can be chosen to be indepen- 
dent of 2/0 G M, of c G [cqo — r),c 00 + rj\, and of t > t . 

Now, we fix ti > t and assume that y c (t) — yo < M when t G [ti,ti + T], for some 
M > and some T > 0. Integrating the differential inequality ( 16. 7ft . we find 

£ c (yo, ti + T) < e- T ^(yo, *i) + — e cM . 

to 1 



Combining this result with (16.81) . we arrive at 

E c (y , h+T) < C 2 e-" T E c (y , t x ) + (2C X C 2 + ^) 
which is the desired estimate. □ 
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Using the control on the invasion point given by Lemma 16.21 and the decay of energy 
described in Lemma [6.41 we are now able to prove the main result. 

Proof of Proposition I6.lt Let to, u, K§ be as in Lemma [6.41 and choose p > such 
that 4coop < mm(u,fi), where fi > is as in Lemma 14.11 By Corollary 16.31 there exist 
r] > and M > such that (16.51) holds, and without loss of generality we can assume that 
i] < Coo and that M is large enough so that e~^ Cca ~ v ^ M < 1/2. In the rest of the proof, we 
fix some c G [c^ — rj, + rf\ C (0, 2coo) (but all constants will be independent of c). 
From ( 14. 9ft and Proposition 14.21 we know that, for all t > and all r > 0, 

d T E c (y c (t),t + r) < *r 4 e-^ +r)/2 max(E c (y c (t), t) , e -#*W) 

< K 4 e^^ t+T)/2 e- c ^ {t) max(£ c (0,t), l) . 

Since, by (IfTnT) . q/ c (t) > c(y c (0) - M-pt) > -C - fit/2 for all t > 0, and since E c (0, t) is 
uniformly bounded from above by Proposition 14.21 there exists C3 > such that, for all 
t > and all r > 0, 

E c (y c (t),t + r) < E c {y c {t),t) + C 3 . (6.9) 
Now, we choose T > 1 and C4 > C3 such that the following inequalities hold: 

4ir 5 e cM e- T / 2 < 1 , and AK 5 e 4cM e cp ^ < C 4 . 

We claim that, if E c (y c (t),t) > C 4 for some t > t , then there exists t' G [1, T) such that 
E c (y c (t + t'),t + t') < \E c {y c {t),t). 

To prove this claim, we distinguish two possible cases. If there exists r G [0,T] such 
that y c (t + r) > y c (t) + 3M + p, then £' = max(r, 1) is a suitable choice. Indeed, by 
Corollary 16.31 we have y c (t + t') > y c (t) + 2M and so, using (I6.9p . we find 

E c (y c (t + t'),t + t') = e^°®-^ t+t '»E c (y c (t),t + t') 

< e- 2cM (E c (y c (t),t) + C 3 ) < \E c {y c {t),t) , 

because e~ 2cM < 1/4 and C 3 < C 4 < E c (y c (t),t) by assumption. On the other hand, 
if y c (t + r) < y c (t) + 3M + p for all r G [0, T], we can take t! = T because, due to 
Corollary 16. 3[ Lemma [6.41 and our choices of T, C 4 , and p, we have 

E c (y c (t + T),t + T) = e c ^-y^ t+T »E c (y c (t),t + T) 

< e< M+ ^K 5 {e^ T E c (y^,t) + e^ M ^) < \E c {y c {t),t) . 

We now show that the claim above implies Proposition 16.11 To this purpose, we 
construct the following sequence of times. We take to > as in Lemma 16.41 and given t n 
we define t n+ \ in the following way. If E c (y c (t n ),t n ) < C 4 , we simply set t n+ \ — t n + 1 
and, using (16.91) and Corollary 16.31 we get 

E c (y c (t n+1 ),t n+1 ) = e<y^-y^^E c (y c (t n ),t n+l ) < e< M+p \C 4 + C 3 ) . 

If E c (y c (t n ),t n ) > C4 we set t n+ \ = t n + t', where t' > 1 is the time given by the claim 
above when t = t n . In this case, we know that E c (y c (t n+ i), t n+ i) < ^E c (lj c (t n ),t n ). By 
contruction, the sequence {t n } goes to +00 as n — > 00, and 

limsup E c (y c (t n ),t n ) < e c(M+p \C 4 + C 3 ) • 
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To conclude the proof, we observe that (16.91) and Corollary 16.31 provides a control on 
the energy for the remaining times. Indeed, since t n +i — t n < T for all n, we have 
V c {t) > y c {t n ) - M -pT for all t G [t n , t n+ i], hence 

E e (Vc(t),t) < e^ M+ ^E c (y c (tn),t) < e c( - M+ ? T \E c (y c (t n ), t n ) + C 3 ) , t G [t n ,t n+1 ] . 

A similar argument shows that E c (y c (t),t) is bounded from above for t G [0,t ]. □ 

7 Convergence to a travelling wave 

The purpose of this section is to show that, for any L > 0, the solution v of (13.81) converges 
to a travelling front uniformly in the interval (x(t) — L, +oo). The key step is to prove 
that, in the frame moving at the invasion speed Sqo, the energy dissipation around the 
invasion point converges to zero as t — > +oo. 

Proposition 7.1. Let be the invasion speed introduced in Proposition \5.1\ and let 
be the parabolic speed (16.11) . For any T > 0, we have 

[ [ e c -y\v Coo (y c Jt)+y,r)\ 2 dydr — — ► . 

We start the proof with an auxiliary result showing that the energy E c (y c (t),t) is a 
continuous function of the parameter c. 

Lemma 7.2. Let rj > be as in Proposition \6.1[ Given any T > 0, there exists Kq > 
such that, for allc\,C2& [c O0 — r]/2,c O0 + ri/2], allt>T and all t G [t — T, t], the following 
estimate holds: 

I E Cl (y Cl (t),T) - E C2 (y C2 (t),r)\ < K & \c 1 -c 2 \ . 

Proof: If we return to the original variables using the definitions (I4.2p . (14.51) . we obtain 
the identity 

E c (V c (t),r) = J^^\v c \ 2 + ^\vX + V(v c ))(m+y,r)d y (7.1) 

r I ' 1 2 

= v / l+^e c( ^ (r) -^ W) / e cVTT ^ x (-\v+sv'\ 2 + / V] ^ + V(v)) (x(t)+x, t) dx , 

Jr V2 2(l+ac^) / 

where s = c/vT+ ac 2 . Assume first that r — t and c = c, where c = Cqo + rj. We know 
from Proposition 16. II that Ec{jjc{t),t) is bounded (from above) for all times. On the other 
hand, we obtain a lower bound on the last member of (17. lft if we replace V(v(x(t) +x,t)) 
by zero if x > and by mini/ if x < 0. Thus, using in addition the Poincare inequality 
( I4.15P to control \v\ 2 in terms of \v'\ 2 , we deduce from (17.11) that there exists a constant 
C > such that 

I + | v /|2 + \ v f^ (x(t) + x, t) dx < C , for all t > . (7.2) 

Using the uniform control (17. 2p . it is a straightforward exercise to verify that the last 
member of (17. ip is indeed a Lipschitz function of c G [cqo — T]/2,c 00 + T]/2\, uniformly in 
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t >T and r G [t — T, t] . The only potential difficulty comes from the exponential terms. 
If we denote 



Y c (t,r) = c(y c (r)-y c (t)) = cy/l + ac 2 (x(r) - x(t)) + c\t - r) , 

we know from Corollary 16.31 that Y c (t, r) < c(M + pT) for all r G [t — T,t] and all 
c G [coo - T], Coo + 77], hence 



,Y cl (t,r) _ p Y C2 {t,r) 



< e m ax (r cl (t, T ),y C2 (i,r)) |y ci (t,r) -r c2 (t,r)| < Ci| Cl 



c 2 • 



On the other hand, if ci, c 2 G [Cqo — i]/2,c 00 + r]/2], we can bound 



3 ci-^/i+aefa; _ c 2 ^/l+ac 



< C 2 \ci - c 2 \ 



if x > 

yy/l+o&x if x < 



where c = + 77 and c = — r/. Thus, using estimate (17.21) for x > and the uniform 
bound (13.121) for x < 0, we obtain the desired conclusion. □ 



Proof of Proposition I7.lt We argue by contradiction. Assume that there exist 5 > 0, 
T > 0, and a sequence of times {t n } going to +00 such that 



tn-T 



e c °° y \v c Jy c Jt n )+y,t)\ 2 dydt > 5 



(7.3) 



for all n G N. Following an idea introduced in [38J, we shall arrive at a contradiction 
by considering the variation of the energy along the broken line connecting the points 
(tn,y Coo (tn)) in the (t,y) plane, see Fig. 2. 



referential moving 
at speed s c 




A„: neglectible change of energy 
when going from E Cn to E Cn+1 



Fig. 2: The behavior of the energy along the broken line. 



To this end we define, for all n G N, 

1 y c Jtn + i)-y c Jt r 



\/l + a< 



,2 
00 



+ Soo , and 



V 1 - as l 



As is easily verified, the speed s n is the slope of the line segment connecting (t n ,x(t n )) 
and (t n+1 ,x(t n+1 )); i.e., x(t n+1 ) - x(t n ) = s n (t n+1 - t n ). Since y (t)/t converges to zero 
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as t —>■ +00 by Proposition 15.11 we can assume (up to extracting a subsequence) that 
s n G (0, 1/y/a) for all n G N and that s n — > Sqo as n — > 00. Then the parabolic speed 
c n is well-defined for all n, and by construction y (t n+ i) = y Cn {t n ). Extracting another 
subsequence if needed, we can further assume that t n+ i >t n + T and \c n — c^l < r//2 for 
all n G N, where 77 > is as in Proposition l6.lt and that the sum J2 n >o \° n ~ c °°l * s finhe. 
Now we define, for each n G N, 

A„ = E Cn {y Cn {t n ),t n ) - E Cn+1 (y Cn+1 (t n+1 ),t n+1 ) 

+ E Cn {y Cn {t n+1 ),t n+1 ) - E Cn+ M n+1 (t n+ i),t n+1 ) = Al + Al . 

Since y Cn (t n+ i) = y Cn (t n ), the quantity A* is the variation of the energy E Cn (y ,t) at a 
fixed point yo G R on the time interval [t n ,t n+ i\. By (14.91) and Proposition 14.21 we have 

A* = (1 + acl) / / e c " y \v Cn (y Cn (t n+1 )+y,t)\ 2 dydt- / R Cn (y Cn (t n ),t) dt , 

and 

I^G/cn (*«),*)! < ^e-^e-^-W max^O^), 1) . 

But E Cn (0,t n ) is bounded by from above uniformly in n by Proposition 14.21 and since 
y Cn (t n )/t n converges to zero as n —* 00 we can assume without loss of generality that 
Cny Cn (tn) > —Ht n /4: for all n G N. Thus 

rtn+i r 

K> / ^|t> Cn (yJVi) +y,t)\ 2 dydt-C 3 e-^ 4 , 

Jt n+1 -T JR 

for some C3 > 0. Moreover, since \c n — Coo| < r]/2, the proof of Lemma [7.21 shows that, 
for all t G [t n+1 - T,t n+ i), 

e Cny \v Cn (y Cn (t n+ i)+y,t)\ 2 dydt- e c °° y \v Coa (y c Jt n+1 )+y,t)\ 2 dydt < C 4 |c n - Coo |, 

Jr 

for some C 4 > 0. Combining both estimates and using the assumption (17.31) . we thus 
obtain 

A* > 5 - C 4 T|c n - Coo | - C 3 e"^ /4 , n G N . 

On the other hand, the quantity A^ represents the change in the energy E c (y c (t n+ i),t n+ i) 
when c varies from c„ to c n +\. By Lemma 1731 we have |A^| < K 6 \c n — c n+ i|, hence 

A n = A* + A 2 n > 6 - K e \c n - c n+1 1 - C,T\c n - Coo | - C 3 e~^ 4 , nGN. 
To conclude the proof, we observe that 

N-l 

E co(yco(to),t ) -E CN (y (t N ),t N ) = VA n ► +00 , 

' 4 Jy — >oo 

ra=0 

because t n > nT and the sum ^ n>0 \c n — Coo\ is finite. Thus E CN (y (tjsr) , tj?) — > —00 
as iV — > 00, in contradiction with the lower bound (14.181) . Thus (17. 3p cannot hold for all 
n G N, and Proposition 17.11 is proved. □ 
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Using now, for the first time, the fact that the differential equation ( j 1.7ft has a front- 
like solution for a single value of c* and that this solution is unique up to translations, we 
can establish the local convergence to a travelling front. 



Corollary 7.3. The invasion speed satisfies 800 = 3^= c*/ v/1 + cxc\, and we have 



-vi+°**(\v(x(t) +x,t) + s,<(z)| 2 + |t/(x(t) + x, t) - <(x)| 2 

+ |f (x(t) + x,t) - w*(x)| 2 ) dx > 



+00 



where v*(x) = h(y/l + ac^x) and h is the solution of ( I1.7P normalized so that h(Q) = e$. 
In particular, v converges to a front uniformly in any interval of the type (x(t) — L, +00). 

Proof: Fix T > and let {t n } be a sequence of times going to +00 asn-> 00. In view 
of Proposition 12.31 we can assume that the sequence of functions (v,v)(x(t n ) + -,t n + •) 
converges in the space C°([—T,0], Hy oc (M.) x Lj^ c (R)) to some limit (w,w) which satisfies 
(II. ip . By (14.21) and Proposition 17.11 we have 

f f e cWi+"&x\v + Soo v'\ 2 {x(t n ) +x,t n + t) dx dt > 0, 

J-T JR n ^°° 

hence w(x, t) + Soow'(x,t) = for all t G [— T, 0] and (almost) all x G R. Setting 
w(x,t) = h(yjl + aclc x — Coot), we see that h is a solution of the differential equation 
h" + cjn! - V'(h) = 0. We also know that \h(x)\ < M for all x < 0, that \h(x)\ < e 
for all x > 0, and that |/i(0)| = |w(0, 0)| = e . Due to our assumptions (jl.3fl — (jl.6p on 
the potential V, these properties together imply that Coo = c*, hence Soo = s*, and that 
fa is the unique solution of (11.7ft such that h(0) = £q, see e.g. [2]. Since the limit is 
unique, we observe that the convergence above holds in fact for any sequence t n — ► +00. 
In particular, if we denote v*(x) = h(^l + ad* x), we conclude that (v,v)(x(t) + -,t) 
converges as t — ■> +00 to (v*, — in H 1 ^— L,L]) x L 2 ([—L,L]), for any L > 0. Using 
in addition the estimate (17.2ft for x > L, and the uniform bound ( 13.12ft for x < — L, we 
obtain the desired conclusion. □ 



One can extract from the proof of Corollary 17.31 the following useful information on 
the invasion point: 

Lemma 7.4. For any T > we have 

sup \x(t + r) — x(t) — s*r| > . 

\t\<T 

Proof: Fix T > 0, and choose L > large enough so that 

h(^/T+a^L) < I , and h{-y/T+^,L + c*T) > , (7.4) 

where h is as in Corollary 17.31 We claim that, for any 5 > 0, there exists t > T such 
that, for all t > to, 



sup sup \v(x(t) + x,t + r) — h(y/l + ac^x — c*t)| < 5. (7.5) 

re[-T,0] x>-L 
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Indeed, if we restrict the values of x to a bounded interval / = [—L,L'], where V > 0, 
the analog of ( 17.51) follows immediately from the proof of Corollary 17.31 and the fact that 
H l (I) "—>■ L°°{I). On the other hand, by Lemma 16.21 there exists C > such that 
x(t) > x(t + r) — C for all r G [— T, 0]. In view of (17.21) we thus have 

sup sup \v(x(t) + x,t + t) — /i(a/1 + acl x — c*r) | 

r6[-T,0] x>V 



< sup sup \v(x(t + t) + x, t + t)| + + ac^ I/) >0, 

re[-T,0] z>L'-C* L'^+oo 

uniformly in t. This proves (17. 5p . 

We now assume that 5 < min(eo, 1 — £o)/2. For any t > to and any r G [— T, 0], it 
follows from (jTTij) . (173]) that 

|f (x(t) — L, t + r)| > e , and sup \v (x(t) + a;, i + r)| < £o • 

By the definition ( 13.131) of the invasion point, this means that x(t+r) G \x(t)— L, x(t) + L}. 
Using ( 17.51) with x = x{t + r) — x(t) and recalling that v(x(t + r),t + r) = /i(0) = Eq, we 
obtain 

<5 > ko — /i(a/1 + ac^ + r) — x(t)) — c*t)| > ttia/1 + ac^ + r) — — s*t\ , 
where 



m = mm 



in{|/i'(2/)|| — y/T+ acl L <y < + acl L + c*t} > 0. 



Thus \x(t + r) — x(t) — s*r| < 5/(mA/l + acl) f° r an t > to and all r G [— T, 0]. Since 
5 > was arbitrarily small, we obtain the desired conclusion. □ 



8 Repair behind the front 

As in the previous sections, we denote by u(x,t) a solution of ( 11.11) whose initial data 
fulfill the conditions (II .9j) . (ll.lOp . where 8 < min(5 ,5i)/2 is small enough so that (15.11) 
holds. We know from Corollary 17.31 that u(x,t) converges to a travelling front uniformly 
for x G {x{t) — L, +oo), for any L > 0. To conclude the proof of Theorem 11.11 it remains 
to prove that u(x,t) converges uniformly to 1 far behind the invasion point. Following 
again the ideas introduced in [38] , we shall do this using a suitable energy estimate in the 
laboratory frame. 

Proposition 8.1. There exists a sequence t n — > +oo such that 

\\u(x(t n ) + -,t n ) - v*\\ H i + \\u(x(t n ) + -,t n ) + sX|| L 2 >0, (8.1) 

where v* is as in Corollary \7. 3 , 
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Remark: Using an additional argument as in [38l Section 9.6], one can show that (18.11) 
holds in fact for all sequences t n +00. In our case, this follows from the local stability 
of the travelling front which will be established in the last section. 

Proof: We recall that the solution of (II. ip has been decomposed as u(x,t) = v(x,t) + 
r(x,t), where the remainder (r, r) converges exponentially to zero as t — > +00 in the 
uniformly local energy space X = H^(M) x L^(R). Using this remark and Corollary 17.31 
we can construct a sequence of times {t n } satisfying t n+ i > t n + n + 1 for all n G N and 
such that, for all t >t n , 

rz+l 

sup / (\u(x(t) + x,t) + s^(x)\ 2 + \u'(x(t) +x,t) -v'^x)\ 2 (8.2) 



z>-2n 



+ \u(x(t) + x, t) — v*{x)\ 2 \ dx < 



n + 1 



Without loss of generality, we also assume that t > 1. Let 9 : R — > [0, 1] be a smooth, 
nondecreasing function satisfying 9(x) = for x < —1, 9{x) = 1 for x > 1, and 
J^ 1 9(x)dx = 1. We define a smooth map x + : [£ ,+oo) — > R in the following way. 
For all n G N, we set 

9'{t - t)x{t) dr-n-9 r\ ln ] n+1 ) , if t € [t n , t n+1 ] . 

We recall that t 1— > x(t) is upper semi- continuous, hence measurable. Since L 9'{x) dx = 1 
and J R x9'(x) dx = 0, we have for all t > 1: 

x(t) - J 9'(t - t)x(t) dr = J 9'(t - r) (x(t) - x(r) - s*(t - r)) dr , 

and the right-hand side converges to zero as t — > +00 by Lemma [7.41 Thus, if n G N is 
sufficiently large, we see that 

x{t) - n - 2 < x+(t) < x{t) - n+1 , forte [t n , t n+1 ] . (8.3) 

Similarly, since J R 9"(x) dx = and Lx9"(x) dx = —1, we have 

s* - / 9"{t - t)x(t) dr = [ 9"{t - t) (x(t) - x(t) -s*(t- r)) dr ► , 

Jo Jo v ' *^ + °° 

hence \x' + (t) — s*\ < 1 if t > is sufficiently large. 

On the other hand, using the assumption (11.91) on the initial data and proceeding 
exactly as in the proof of Proposition 13.21 we see that there exists £1 G R such that 

-z+l 



sup / (\u(x,t)\ 2 + \u'(x,t)\ 2 + \u(x,t) - l\ 2 ) dx < K^xe 

z<^i-t/^/aJz ^ 



■flit 



■4) 



For allt > 0, we set x~(t) = £1 — 2t/y / a. Without loss of generality, we can assume that 
X-(t) < x + (t) for all t > to- 
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We next define, for all t > t , 



<]>(/) / o(,r.t)[^\u{x,t)\ 2 + ^\u'{x,t)\ 2 + V{u{x,t)) )d.r 



where V(u) = V(u) - V(l) > and 



<p(x,t) - { 1 if x-(t) < x < x+(t) 

gX+(*)-x jf x > x+ ( t ) 



A direct calculation shows that 
&(t) = - I <f)(x,t)\u(x,t)\ 2 dx - I { \{x'_(t)(^\ii\ 2 + ]^\u'\ 2 + V(u)} +iiu}dx 



+ <p{x' + {t)(^\u\ 2 + \\u'\ 2 + V{u))+uu')dx . 

Jx4-(t) L V2 ^ 7 J 



As is clear from (j8.4p . the second integral in the right-hand side converges to zero as 
t — ► +00. Since x+(t) — — > —00 by (18. 3ft . this is also the case for the last integral. 
Indeed, as u*(a;) — > 1 when a; — > —00, it follows from (18.21) . (18.3ft that («, u)(a; + (t) + -,t) 
converges to (1,0) in Hl oc (R) x Lf oc (R) as t — > +00. Since > for all times, we 
conclude that, given any T > 0, there exists a sequence t' n — > +00 such that 

0(x,t)|M(x,t)| 2 dxdt ► . (8.5) 



tL—T 



Now, we claim that 
■2+1 

2f6[a!_(f n ),x + (f n )] Jz 



sup / fiuC^or + K^O^ + K^O- 1 ! 2 )^ — ( 8 - 6 ) 

t'),x + (t')]Jz V ' ^ 



Assume on the contrary that, after extracting a subsequence, the left-hand side of ( 18.61) 
is bounded from below for all n G N by some e > 0. Then, given any e' G (0, e), we can 
find a sequence {z n } such that z n G [x_(i£J, £ + (^J] for all n G N and 



ii(z n + x,t' n )\ 2 + \u'(z n + x,t' n )\ 2 + |w(z n + x,t' n ) - l| 2 j dx 



Moreover, using (18.21) . (18.41) . and the definitions of X-(t), x + {t), we see that x + (t' n ) —z n ^ 
+00 and z n — x-[t' n ) — » +00 as n — * 00. Without loss of generality, we can assume that 
e' > is sufficiently small so that the following property holds: if w : R — > R is a 
bounded solution of the differential equation w" — V'{w) = such that \w(0) — l\ 2 < 2e', 
then w(x) = 1 for all x G R. The existence of such an e' follows from our assumptions 
([T3l) - (frBft on the potential V. 

Using once again Proposition 12. 3[ we can assume that, after extracting a subsequence, 
the sequence of functions (u, u)(z n + ■, t' n + •) converges in the space C°([—T, T], H\ oc (M.) x 
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Lf oc (R)) to some limit (w, w) which satisfies (11.11) . In view of (18.51) . we have w = 0, so that 
w : R —> R is a bounded solution of the differential equation w" — V'(w) = 0. Moreover, 

\w(0) - 1| 2 < 2 f (\w'(x)\ 2 + \w(x) - 1| 2 ) dx = 2e' , 
Jo 

hence our assumption on e' implies that w = 1, which is clearly absurd. Thus (18. 6ft is 
established, and using in addition (18. 2L (18.41) we see that (18.11) holds for the sequence 
{t' n }. This concludes the proof. □ 



9 Local stability of the travelling front 

The aim of this final section is to show that the family (11.81) of travelling fronts of (II. ip is 
asymptotically stable with shift in the uniformly local energy space X = H^iM.) x L^(R). 
Together with Proposition 18.11 this will conclude the proof of Theorem 11.11 Whereas a 
lot is known about local stability of travelling fronts in parabolic systems (see e.g. |42j), 
for the hyperbolic equation (II. ip with a bistable potential we are only aware of the note 
[TU] where local stability in the usual energy space F^R) x L 2 (R) is briefly discussed. 

From now on, we fix c = c* and we denote by h : R — > (0, 1) the unique solution of 
(ll.7p such that h(0) = e . Linearizing (11.131) at the steady state u c = h, we obtain the 
evolution equation 

au tt + u t - lacuyt = u yy + cu y - g(y)u , (9.1) 

where g(y) = V"(h(y)). Proceeding as in Section [2j it is straightforward to verify that 
(19. ip defines a Co-group {5'(t)} te K of bounded linear operators in X, the generator of 
which is the linear operator A given by 

D(A) = Y , A = - ( - , «° f ^ i a o x 1 > ( 9 - 2 ) 
v ' a \dy + cd y - g(y) -l + 2acd y J K ' 

where Y = H^(R) x H^(R). By translation invariance, A = is an eigenvalue of A with 
eigenfunction (h',0). This eigenvalue is in fact simple, and the corresponding spectral 
projection reads 

n C0 = Ko) S^ iu+i)2v)dy ' (9,3) 

where ip2{y) — e cy h'(y), ipi = ct~ l '4 , 2 + 20^2, and > is a normalization factor. One 
can check that ipi,ip2 decay exponentially to zero as \y\ — > oo. The main result of this 
section is: 

Proposition 9.1. There exist positive constants Co and v such that 

\\S(t)(l-U)\\ ci x) < C e-^ , forallt>0. (9.4) 

Using Proposition 19.11 and classical arguments which can be found in [12] or [22] , it 
is easy to show that the family of all translates of the steady state (h, 0) is normally 
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hyperbolic and asymptotically stable for the evolution defined by (If .1 31) on X. In other 
words, any solution of (If .f 31) whose initial data lie in a small tubular neighborhood of 
this family of equilibria (in the topology of X) converges exponentially fast as t — > +oo to 
some element of the family. Now, if u(x, t) is a solution of (If .1ft satisfying the assumptions 
of Theorem II .1} Proposition [HU] shows that the corresponding solution of (11.131) eventually 
enters such a tubular neighborhood. Thus there exists xq G R such that 

\\u c (-,t)-h(--xo)\\ H i i + \\u c (-,t)\\ L 2 i = 0(e~ ut ) , ast^+oo, (9.5) 

which implies (II. lift and concludes the proof of Theorem 11.11 
It remains to prove Proposition 19.11 Let 

tM = HD + V{0) l±*fM , y e R . 

Obviously g^y) > m for all y G R, where m = niin(V"(0), V"(l)) > 0. Let A^ 
be the linear operator on X obtained by replacing g with g^ in the definition (19.21) 
of A, and let Soo(t) be the Co-group generated by Aoo- For any u G i?^(]R), the map 
V l— * (g(y) — goo(y))u(y) belongs to if 1 (M) and converges exponentially to zero as y — ► ±oo. 
In particular, the linear operator A — Aoo '■ (u, v) \— > a^ 1 (0, (g^ — g)u) is compact in X. 
Moreover, the group S^t) is bounded in H 2 (R) x H l (R) and, due to the finite speed 
of propagation, it preserves the exponential decay in space. Therefore, the Duhamel 
perturbation formula 

S(t)w = 5oo(t)w+ f Sooit - t)(A- A^S^wdr , weX , 
Jo 

shows that S(t) — Soo(t) is compact in X for any t G R. In particular, S(t) and Soo(t) 
have the same essential spectrum (in what follows, we use the notion of essential spectrum 
adopted in |22j). The first step in the proof of Proposition 19.11 is: 

Lemma 9.2. There exist positive constants C\ and v^o such that 

\\Soo(t)\\ C ( X ) < C ie - V ^ , forallt>0 . 

Proof: We proceed as in the proof of Proposition 12.11 Let p(y) = exp(— K\y\), where 
k > is small enough so that Suae < 1, 3k < c, and 4kc < m. If u(x,t) is a solution of 
the evolution equation au u + u t — 2acu yt = u yy + cu y — g,x{y)u associated with S^t), we 
define for all £ G R and all t > 0: 

£ (f , t) = J p{y - (a 2 u 2 t + au 2 y + ag^u 2 + \s 2 + auu^j (y, t) dy . 
Since |mtwt| < \{u 2 + a 2 u 2 ), there exists a constant C\ > 1 such that 

c^llM, *),*(•, f))|fr < sup^(e,t) < dUK-,*),^-,*))!^ . (9.6) 
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On the other hand, differentiating £(£,£) with respect to t and using our assumptions on 
K, we obtain 

dt£(£,t) = - p(y - 0( au t + u l + 9ooU 2 )(y,t) dy 
Jr 

p'(y — £) (2au y u t + 2a 2 cu 2 + 2acuu t + mm^ + t^ 2 ) 0/> ^2/ 

< ~ \ / /o(2/-0(««? + «; + PooM 2 )(y,t)dj/ < -2^^,*) , 
1 Jr 

for some > 0. Thus £(£,t) < £(£, 0) e~ 2v °°' for all t > 0, and using in addition (19.61) 
we obtain the desired estimate. □ 

Since S(t) is a compact perturbation of S^t) for any t > 0, it follows from Lemma l9~2l 
that the spectrum of S(t) outside the disk {z G C | \z\ < e~ Uaot } consists of isolated eigen- 
values with finite multiplicities. By the spectral mapping theorem, any such eigenvalue 
has the form e xt , where A G C is an eigenvalue of the generator A. If w — (u,v) G Y 
satisfies Aw = Xw, it follows from (19.21) that v = Xu and 

u" + c(l + 2aX)u - g(y)u = A(l + aX)u . (9.7) 

It remains to study the nonlinear eigenvalue problem (19.7j) . Let 

u a = — (— 1 + ReVl - 4am) < , 
2a V / 

where m = min(l A// (0), V"(l)) > 0. One can check that p a = sup{Re(A) | A G cr ess (^4)}. 
The key observation is: 

Proposition 9.3. The spectrum of A in the half-plane {z G C | Ke(z) > p a } consists of 
a finite sequence of simple real eigenvalues = Ao > Ai > • ■ ■ > A& > \i a , where k G N 
depends on a and V . 

The proof of Proposition 19.31 relies on the following elementary result: 
Lemma 9.4. Assume that zgC satisfies Ke(z) > p a , and let 

7 = -(l + 2az) , 5 = m + z(l + az) . 
Then Re vV + 5 > Re( 7 ) > 0. 

Proof: Since Ke(z) > p a > — l/(2a), it is clear that Re( 7 ) > 0. On the other hand, 
if z > 0, we have 7 > and 5 > 0, hence \/'y 2 + 5 > 7. Thus, to prove Lemma l9~4"t it 
is sufficient to verify that the equality Re-^/7 2 + 5 = Re(7) cannot occur if Re(z) > \i a . 
Assume on the contrary that a/7 2 + S = 7 + 2/? for some j3 G R. Then 5 = 2i^j3 — f3 2 } 
and if we set z = Z\ + iz 2 with zi, z 2 G R we obtain the relation 

m + z 1 + a(zl - z\) + iz 2 (l + 2az x ) = -2a(3cz 2 - (3 2 + ij3c{\ + 2az x ) . (9.8) 
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Taking the imaginary part of both sides, we find z 2 = (3c, because 1 + 2az± > by 
assumption. Using this information and taking the real part of (19. 8ft . we arrive at 

This is clearly impossible if 4am > 1. In the converse case, equation (19.91) defines an 
ellipse in C which is entirely contained in the half-plane {Re(z) < fi a }, thus contradicting 
our assumption on z. □ 



Proof of Proposition 19. 3t Assume that A G cr(A) satisfies Re(A) > fi a . Then A is 
an eigenvalue of A, and there exists a nonzero u G H^(M.) satisfying (19.71) . Since g(y) 
converges exponentially to V"(0) as y — > +oo, we know that u{y) = A(pi(y) + 50 2 (|/) for 
some A,BeC, where 4>i,(p2 are particular solutions of ( 19. 7j) satisfying 

lim My) e ^e^^ 2+s+y = 1 , lim (j) 2 (y) e ^ y e~^^ +5+y = 1 , 

y—>+oo y— >+oo 

where 7 = f (1 + 2aX) and 5 + = V"(0) + A(l + aX), see Section 3.8]. But LemmaEl 
implies that Re-^/7 2 + 5 + > Re(7) > 0, hence we must have B = because ^(y) is 
unbounded as y — > +00. Thus 

u(y) = Afa(y) w Ae-^ e-^ 2+s+v , as y -> +00 , 

and a similar argument shows that 

u{y) w C , e~ 7S/ eV / ^ 2+5 -^ , as y -> -00 , 

for some C G C, where <5_ = V"(l) + A(l + aX). These obervations reveal in particular 
that the bounded solutions of ( 19. 7ft form a one-dimensional family, hence A is a simple 
eigenvalue of A. 

Moreover, if we set U(y) = e iy u{y), then U(y) decays exponentially to zero as y — > 
±00, and a direct calculation shows that U solves the differential equation 

2 

U" - (g(y) + j)U = X{1 + aX){\ + ac 2 )U , 1/6I. (9.10) 

Thus ji = A(H-aA)(l + ac 2 ) is an eigenvalue of the selfadjoint operator C = dy — (g+c 2 /4). 
In particular, we have /i G M, hence A G K because Re(A) > — l/(2a). Furthermore, since 
H = is an eigenvalue of £ with eigenfunction U(y) = e iy h'(y) < 0, we know from 
Sturm-Liouville theory that all the other eigenvalues of C are strictly negative. Finally, 
it follows from Bargmann's bound and the min-max principle that £ has only a finite 
number of eigenvalues, see e.g. [IB]- We conclude that the spectrum of A in the half- 
plane {z G C I Re(z) > fi a } consists of the eigenvalue A = and, possibly, of a finite 
number of negative eigenvalues. □ 

It is now easy to conclude the proof of Proposition 19. 11 We know from Proposition 19.31 
that A = is a simple, isolated eigenvalue of A, and that the rest of the spectrum lies in 
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the half-plane {Re(A) < —0} for some v > 0. Going back to the semigroup S(t) generated 
by A, we infer that for any t > the spectrum of S(t) is entirely contained in the disk 
{z e C| \z\ < e~^*}, where z/ = min(^ 00 ,z>) and z/qo is as in Lemma 19.21 except for the 
simple eigenvalue z = 1 which is due to the translation invariance. If we remove that 
eigenvalue by restricting S(t) to the invariant subspace kerll, where II is the spectral 
projection ( 19. 3D . we obtain estimate ( 19.41) . possibly with a slightly smaller v. The proof 
of Theorem 11.11 is now complete. 
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